We address the behaviour of the scalar field with negative mass squared in the five dimensional AdS space where the Randall-Sundrum brane-world is embedded. We point out that the tachyonic scalar allowed in the bulk space destabilizes the embedded brane-world where the cosmological constant is zero.
Introduction
People believe that our four dimensional world would be obtained from the ten or eleven dimensional superstring theory. The D-brane solutions have attracted large attentions of many people, and an interesting geometry has been obtained from the D3-brane of type IIB theory. Near the horizon of the D3-branes, we find the configuration of AdS 5 × S 5 . The string theory under this background would describe the four dimensional conformal symmetric Yang-Mills theory on the boundary of AdS 5 [1, 2, 3, 4] where flat Minkowski space is realized.
On the other hand, a thin three-brane (RS brane) can be embedded in AdS 5 space [5, 6] at any point of the transverse coordinate, which is interpreted as the energy scale of the conformal field theory on the boundary. A promising picture is to consider this three-brane as our four-dimensional world. This picture gives an alternative to the standard Kaluza-Klein (KK) compactification via the localization of the zero mode of the gravitation [6] . It could also give a new explanation for the problems of the hierarchy between Planck mass and the weak-electromagnetic mass scales. This proposal is distinct from the one given in [7, 8, 9] . Further, it opens a new possible explanation of the smallness of the four dimensional cosmological constant in our world without fine-tuning [10, 11] .
In this framework, gravity is defined in the five dimension, but its zero mode is trapped in the brane, then we can observe the usual 4-dim Newton law in the braneworld. Other massive KK modes living in the five dimension are observed as the correction to the Newton law. From the viewpoint of the string theory, the bulk continuum modes are described also by the idea of the AdS/CFT correspondence [12, 14] . The correction to the Newton law can be obtained as the quantum correction from the CFT coupled with the gravitation [14] .
Other than the graviton, there would be many kinds of fields in the bulk to be studied since the five dimensional bulk theory would be obtained by the reduction of the ten dimensional IIB theory or eleven dimensional M theory. In any case, we would obtain many number of scalar fields in the reduced five dimensional theory [18, 19] . Many people have tried to derive the domain wall solution, which could be identified with the RS brane in a thin limit, from the reduced supergravity [20, 21] . In these approaches, the scalar fields play an important role, so it would be important to know their behaviour in constructing the RS brane(s) in the five dimensional space.
The purpose of this paper is to study the scalar with its wide range of mass allowed in the AdS 5 . In general, negative mass squared is allowed and it is bounded from below
where L is the radius of AdS space [22] . Our interest is to see how this scalar field can be observed from the brane world embedded in AdS 5 . For M = 0 case, it is well-known that the zero mode of this scalar is localized in the brane and KK modes are observed as the correction to the zero mode propagator. We extended the analysis to the general case of the scalar mass M according to the technique used in the linearized gravity [12] . In the next section, the solutions of the wave equation are examined to see the localization of some eigenstate of the four dimensional mass of the scalar. In the section three, the propagator for this scalar in the bulk space is given by considering appropriate boundary conditions to see the effective two point function of this scalar in the brane-world. We can see that the two different approaches lead to the consistent results. The most important result is that a tachyonic localizedstate appears in the case of bulk tachyonic-scalar, M 2 < 0. In section four, an idea for the resolution of this problem is discussed according to the idea of the AdS/CFT correspondence. In the section five, the case of two branes is examined and we find the scalar considered here has nothing to do with the stability of the distance between the two branes. The concluding remarks are given in the final section.
Localized state of the scalar
Here we start from an effective five-dimensional action which is responsible for the construction of the five dimensional background. It is given in the Einstein frame as,
where dots denote the contents other than the gravitation, and K is the extrinsic curvature on the boundary. The brane action,
is added to S 5 and we obtain the 5-dimensional AdS background
where τ = 6/(Lκ 2 ) and L = 6/κ 2 Λ which denotes the radius of AdS space. The coordinates parallel to the brane are denoted by x µ and y is the coordinate transverse to the brane.
The fields represented by dots in the bulk action are not needed to construct above background AdS 5 with RS brane. They are however necessary in solving the problem of the cosmological constant without fine-tuning or in constructing the domain wall solution as a thick brane. Here we concentrate our attention on the problem of the stability of the brane-world when we consider the bulk scalar which does not play any role in constructing the background and it is a part of · · · in (1). We consider the scalar with mass M, and it is denoted by Φ. Then its field equation in the AdS background is given as 1
where A, B denote five dimensional suffices. This equation can be rewritten as a one dimensional eigenvalue equation similar to the Schrödinger equation as follows. By decomposing as Φ = φ(x)ψ(y)e 3|y|/2L and assuming 
Equation (5) is regarded as the one dimensional Schrödinger equation with the energy eigenvalue m 2 . For the case of M = 0, this is equivalent to the one of the graviton. In this case, a = 15/4L 2 > 0 and the potential has the shape of a volcano (see Fig. 1 ). This is a necessary condition to localize the zero mode (m = 0) in the brane.
In general, the shape of the potential varies with the scalar mass M, which is bounded as 
where the right hand side provides the effective action for the bound state scalar, which is denoted byφ(x). It is related to φ(x) defined previously bỹ
Then the condition of the normalizability is equivalent to the finiteness of the integral in (8) . In general, the solution of (5) can be written by the linear combination of two kinds of modified Bessel functions. But the solution here is written by one of them due to the requirement of the normalizability,
where
and K ν denotes the second kind of modified Bessel function, which converges at large mx.
3 N is a normalization constant. We need the following boundary condition for this solution at the position of the brane, at z = 0, due to the δ-function potential,
This condition leads to the following,
This equation determines the eigenvalue of m. From the discussion given above, the region to be examined would be restricted to the region −15/4L 2 > M 2 ≥ −4/L 2 or equivalently 1/2 > ν ≥ 0 where the volcano type of shape of the potential disappears. However we solve the above equation (11) by extending the region to ν ≥ 0. After a numerical research, (i) we can't find any solution for ν > 2 expectedly. (ii) At ν = 2 (M = 0), we find the solution at m = 0, and this reflects the localization of the zero mode of a massless scalar in the bulk. This is parallel to the localization of the zero mode of the graviton. (iii) In the region 2 > ν > 1/2, the potential preserves the volcano shape as in the case of ν = 2, so one would expect to find the localization of the zero mode. However, we couldn't find it and the localization of a tachyonic state was found instead. (iv) For 1/2 ≥ ν ≥ 0, the localization of a tachyonic state was found expectedly.
As a result, we find only one solution for 2 ≥ ν ≥ 0, and there is no solution for ν > 2. The value of m for the localized state changes continuously with ν as shown in Fig. 2 . Namely, mL smoothly increases from 0 to about 1.5 as ν decreases from 
Scalar propagator
According to Ref. [12] , the Green function of the scalar considered in the previous section is examined in the d+1 dimensional AdS space to see its effective propagator observed in d dimensional flat space of the brane. After obtaining the Green function, we go back to the case of d = 4. Here we work in the brane background of the following AdS metric,
We can consider that the brane is located at z = L, where
with the Neumann boundary condition,
This condition is consistent with the orbifold boundary conditions at the brane. Equation (13) is rewritten by an ordinary differential equation via following Fourier transform in the d dimensions along the brane,
and the redefinition of the Fourier component,
p . Then the equation for ∆ p is obtained as
After this, the procedure to obtain the propagator is parallel to [12] . A case that is of particular interest here is that where the arguments of ∆ d+1 is on the brane, z = z ′ = L. In this case, the propagator is expressed as
From this result, some interesting features are observed. Hereafter we consider the case of d = 4. (i) First, this is reduced to the form given in [12] for M = 0 (or ν = d/2), and ∆ d+1 (x, L; x ′ , L) is separated to the d-dimensional massless propagator and the exchange of the Kaluza-Klein states.
Here
(qL)
∆ d (x, x ′ ) represents the localized massless state in the d(= 4) dimensional brane. The leading part of the summation of the KK exchanges gives 1/r 3 potential as in the case of the gravity.
(ii) For ν > 2, we can see the massive pole behaviour by expanding F (q, L, M) near small qL,
which implies a pole at (qL) 2 = 2(ν − 2)(ν − 1). This is of course correct for small qL, i.e. near ν = 2, but we can find a massive pole at large qL where the above approximate formula can not be applied any more. Then (18) and (19) lead to the statement that we can see a massive four dimensional scalar and the corrections from the KK modes to this massive scalar propagator. But it should be noticed that this massive mode is not localized in the brane since the wave function for this mode is not normalizable. This point can be understood from the potential appearing in the bulk wave-equation for the scalar in the fifth dimensional direction. The states of q 2 > 0 would decay into large z region outside the wall of the potential, so this state should be regarded as a resonant state with a finite lifetime. This is consistent with the results of [13] , where lifetime of the resonant state is explicitly given for small M 2 > 0. We can assure this point explicitly by rewriting F (q, L, M) as
and the resonant states are found as the zero points of the real part of F (q, L, M), where their imaginary parts are positive definite by the formula
This behaviour is seen at any value of ν, and the positions of the zero-points are slightly different near q = 0. For typical values of ν, at ν = 1.6, 2.0 and 2.4, F (q, L, M) are shown in both regions of q > 0 and imaginary q in Fig. 3 and Fig. 4 , respectively.
(iii) For 0 < ν < 2, we know that there is a localized state with q 2 < 0 from the analysis of the wave-equation. In fact, we can assure the same result also from the propagator given here. The pole in the region q 2 < 0 is obtained as a zero point of F (q, L, M) given in (19) by rewriting as q → iq in (19), i.e. F (iq, L, M) = 0, which is written as
This is exactly the boundary condition (11) , required at the point of brane in solving the wave equation. The pole point of qL varies smoothly from 0 at ν = 2 to 1.5 at ν = 0 as shown in the previous section. The approximate formula (23) is valid near ν = 2 also in this case. In any case, we can see a tachyonic state and KK modes in the brane for 2 > ν ≥ 0. The signal of the tachyon can be seen in the potential at the long distance as in the case of ν = 2, where the massless pole provides the Coulomb potential 1/r at long distance and the next leading 1/r 3 from the KK-modes. In the case of ν < 2, the leading potential comes from the tachyon pole, which behaves as cos(|q|r)/r, and the next leading coming from positive p 2 region is 1/r 3 . This is easily seen by expanding F (q, L, M) at small q and performing the Fourier transformation of the leading terms. So we can say that the dominant part of the potential at the long distance is given by the exchange of the tachyon.
Then the brane would be unstable since the tachyon is not allowed in the flat four dimensional brane.
We can summarize the above results from the viewpoint of the exchange of φ fields between two sources. For ν = 2, we can see that at large distances on the brane, |x − x ′ | ≫ L, the zero mode piece dominates and we reproduce the standard effective action for d-dimensional scalar exchange, plus sub-leading corrections from the KaluzaKlein part. This picture is not true for ν > 2, and we can not see any Coulomb like behaviour. For ν < 2, the tachyon which is allowed in the bulk AdS 5 penetrates into the brane as a tachyon in the four dimensional brane, and it provides the dominant part of the potential between two charges at long distance. This leads to the instability of the RS brane with flat four-dimensional metric. A simple way to remove this instability is to add the following quadratic term of the scalar Φ to the brane action S bl ,
Since this term could cancel out the first term of F (q, L, M) given in (19) , which represents the effective quadratic term of the scalar Φ in the brane, then we obtain the same propagator with the one of M = 0. Then we can see the localized zero mode for wide range of ν, i.e. for ν > 1. If we adopt the term (26) , the boundary condition of the Green function is changed. By taking into account this term with a coefficient independent on the scalar mass M, the problem of the localization of a scalar field was also discussed in [23] from a different viewpoint and in a different region of its mass with our analysis. At present, we can't say anything definitely about the meaning of this new term.
More probable resolution of this instability will be to solve the equations of motion for the system of gravity and a scalar with a localized brane-action. It would be a challenging subject to find a solution of Randall-Sundrum type brane from a supersymmetric model induced from the super-string theory. And the action would contain a non-trivial potential and the scalar field would be solved as a non-trivial configuration forming the background [24] . The metric might be solved in the form
In the next section, we discuss how this instability would be resolved from the viewpoint of AdS/CFT correspondence. It would give a clue to consider the meaning of the above newly added term and the string induced bulk-action with a scalar.
4
AdS/CFT correspondence
The gravitational theory in the background of AdS 5 is dual to the 4d conformal field theory with a cutoff at the position of the RS brane, so we can replace the five dimensional bulk part by a CFT defined as
where O i are the composite operators of the fields contained in L CFT and λ i are their corresponding sources which are given as the boundary values of the bulk fields at the brane position. Here we should consider both the gravitation and the scalar on the brane.
Then the effective brane action could be obtained by adding the regularized part of intrinsic curvature [25, 26, 12] and the localized scalar part, L φ , as follows
and
Since τ = (12/L)/(2κ 2 ), the cosmological constant on the brane, τ /2 + b 0 , is zero. This is consistent with the Poincare invariant solution. The four dimensional curvature term reflects the localized zero mode of gravity and the curvature squared terms are the correction to the gravity part.
The corrections to S b2 would be obtained by the CFT part. It is seen by integrating the fields contained in L CFT . In the case of the graviton, this correction has been explicitly shown within one-loop approximation [14] , and the correspondence of this correction and the sum up of the KK modes has been assured.
As for the scalar field, it is difficult to give the explicit form of the composite operator and to separate the propagator obtained in the previous section into two parts, the bounded part and KK modes for general ν. Then we don't try to see the correspondence for the quadratic term of φ here as shown for the graviton. Instead, we use the AdS/CFT correspondence to see the effective action of the scalar φ for a calculable case. As in [14] , we consider N = 4 supersymmetric Yang-Mills theory as the CFT which lives on the boundary of the AdS 5 . The conformal dimension of the operator is given by 2 + ν, so the operator is relevant for ν < 2. Here we consider the case of ν = 0.
For ν = 0, we can consider the mass term of the adjoint scalar fields, which are denoted by (B i ) 2 (i = 1 ∼ 6N 2 ), of SU(N) Yang-Mills theory as the corresponding composite operator since it is gauge invariant and has the conformal dimension two. The mass term of the vector would break gauge symmetry, so we do not consider it.
By assuming the availability of the AdS/CFT correspondence, we consider the combined action, S CFT + S b2 , to obtain the effective potential of φ with its higher powers. It is easy to obtain the one-loop correction by integrating the fields in CFT. In the case of ν = 0, we obtain
where m 0 denotes the tachyon mass obtained above for ν = 0 and µ is some mass scale. The first term is included in L φ in (29), and 6N 2 represents the degrees of freedom of the adjoint scalar in CFT. Since L φ should be obtained from (7) and (8), then the notationφ should be used instead φ. And φ of the second term should be written by multiplyingψ(0) asψ(0)φ, which represents Φ on the brane. These points are important when we consider the relative ratio of the two terms and the strength of the coupling of the boundary field and composite operator of CFT. But they are not essential hereafter, and we abbreviate its notation as φ.
Further, we should notice that the second term is proportional to φ 2 not to φ 4 since φ couples to the mass term of the CFT scalar (denoted by O 0 ) as φO 0 not as φ 2 O 0 due to its conformal dimension two. Then the above potential can be rewritten as
where new scale factorμ is defined as
Here, we notice that this potential has the same form, except for its sign, with the one obtained from open string field theory [15, 16, 17] for the tachyon field. This seems curious since there is no definite reason to identify RS brane as D-brane.
If this approximation is available, the above result (32) implies that the scalar field should be shifted to see its stable spectrum from the tachyonic point φ = 0 to the minimum point of V 0 (φ). However, the value of V 0 (φ) at its minimum is negative, so the flat metric in the brane is still unstable if there is no extra term to cancel this new cosmological constant. This implies that we must return to the point where we solve the bulk equations to obtain the background metric, AdS 5 , by taking into account of the non-trivial configuration of the scalar fields with negative mass squared. It would be expected in this case that the stable RS brane in the AdS 5 background would be obtained by a shift of the scalar. Its fluctuation could be observed as a massive particle around a bottom of its effective potential not a tachyon around the top. A simple example would be shown in a separate paper.
It is an open problem to extend this story to the other value of ν > 0 or to the other dimensional AdS. 4 Here we obtain a resultant potential term, φ 2 ln φ µ 2 , for the tachyonic scalar φ. This form is slightly different from the one considered in the previous section, (26) . The problem related to this point would be discussed in the preparing paper.
Two branes
Here we consider the model of two branes proposed by Randall and Sundrum [5] . In this case, the distance between two branes in the direction of the fifth coordinate is fixed as finite. So the concept of the localization can't be considered in a strict sense. All modes are confined in the region between the two branes, and m would take discrete values instead. However, the localization of the zero gravitational mode would be important in a sense of the wave-function localized near one brane if our world is not five dimensional one.
A problem of this model is to determine the distance at some definite value as a stable point of the brane system. Several people proposed ideas of the resolutions for this issue by considering the bulk fields [29, 30] . In [29] , a scalar field has been introduced with special potentials on the branes in order to fix its boundary values. It can be seen from the effective potential of this scalar zero-mode 5 that there is a stable point at a finite distance between two branes. While the scalar-potential on the branes plays an important role to solve the problem, its origin is obscur.
Here we do not give the answers to these problems. We comment on this problem by considering the scalar without any potential in the branes. The scalar considered in the previous sections is this type of scalar. The strategy is to see the effective potential by integrating the action of the scalar part by substituting the solution of the wave equation in the AdS background with two branes on the boundaries. The equation to be solved is given by (4) ∼ (6) and the boundary conditions, (10) at z = 0 and
at z = z c where the second brane exists. We give some comments on the solution in this case. The general solution ofψ can be written by the linear combination of two independent Bessel functions. The two boundary conditions (10) and (33) determine a relation of two coefficients of the Bessel functions and the four dimensional mass-eigenvalue of the allowable state. The eigenvalues are discrete in this case. So it would be difficult to sum up these discrete states to see the effective potential totally as a function of the distance between two branes. However we can see it easily in our case.
The equations to be solved are rewritten as the equations of χ(y), where it is defined as Φ = φ(x)χ(y). Then the above boundary conditions are written as,
where y 1 (= 0) and y 2 are the positions of the two branes. On the other hand, the scalar part of the action can be written as follows by using its equation of motion in the AdS background;
The first term vanishes since it is total derivative and the second term vanishes due to the boundary conditions (34). Then we can see S classical Φ = 0 so that the scalar considered here has nothing to do with the stabilization of two branes at some finite distance.
As in the case of [29] , if some boundary terms of the scalar are added to the brane actions, then the boundary conditions are changed. In this case, S classical Φ = 0. So we must solve the mass spectrum allowed between two branes and they are summed up to obtain the effective potential as a function of the distance between branes. We are now preparing the paper of this issue.
Concluding remarks
We have examined the scalar field in the AdS background, in which the RandallSundrum three-brane(s) is (are) embedded. The mass-squared of the scalar is extended to the allowable negative value in the AdS 5 background. We find the localization of the scalar, which has negative mass-squared in the bulk, on the brane, and the localized mode is also tachyonic in the four dimensional brane-world. This fact implies that the three-brane with flat space would be unstable in the AdS bulk background if five dimensional bulk theory contains tachyonic scalar.
When we consider a supersymmetric five dimensional theory to construct the brane as a soliton or a domain wall, we must aware about the spectrum of the theory even if it was not used to solve the equations responsible for the background. If a tachyonic scalar is included in the spectrum of the theory, it would be impossible to obtain a stable RS brane with flat space or zero cosmological constant. When we consider a model with the tachyonic scalar, we must find its fully corrected potential of the scalar to resolve this instability of the RS brane solution. This situation could be assured from the viewpoint of the AdS/CFT correspondence. In the case of two branes, this scalar gives no effect to the problem of determining the stable point between two branes.
To resolve the instability induced by the bulk tachyonic scalar, it seems to be necessary to consider the modification of the brane-action. We have considered the simplest form of the modification, but there may be various corrections. We will discuss on this point in the next paper.
